I. INTRODUCTION
The interplay between magnetic and electric phenomena in solids is currently among the hottest topics in condensedmatter physics. [1] [2] [3] [4] This interplay manifests itself either in a dependence of electric properties on an applied magnetic field or in electric-field-induced changes in magnetic properties, which may be termed the direct and converse magnetoelectric (ME) effects, respectively. 5 Importantly, such ME effects are not only of high fundamental interest, but also of great practical importance. Indeed, the direct and converse ME effects have many potential applications in electronic and spintronic devices, such as room-temperature magnetic-field sensors and electric current probes, 6 microwave filters, 7,8 ME recording read heads, 9 electric-write magnetic memories, 10, 11 and energy-harvesting devices. 12 The experimental studies show that the ME responses of multiferroic composites greatly exceed those of singlephase magnetoelectrics. 4 Recently, the focus of these studies has shifted from bulk composites to multiferroic nanostructures, 4, 13 which are more suitable for microelectronics and may display even stronger ME responses. However, such nanostructures are usually grown on thick passive substrates, [13] [14] [15] [16] [17] which strongly reduce the strain-mediated ME response by suppressing field-induced deformations, especially in heterostructures with the 2-2 connectivity. Fortunately, this drawback can be overcome by using active magnetostrictive 18, 19 or piezoelectric [20] [21] [22] [23] substrates to fabricate multiferroic hybrids designed to display high direct or converse ME effect mediated by lattice strains.
The direct ME effect is usually quantified in terms of the polarization and voltage coefficients, which define the change δP in electric polarization and the associated output voltage δV induced by an applied magnetic field δH. Since the latter affects the dielectric properties of magnetoelectrics as well, additional important information on the degree of ME coupling is provided by the magnetodielectric coefficients. Importantly, these coefficients can be easily evaluated experimentally by measuring the dependence of capacitance C on magnetic-field intensity [so-called magnetocapacitance (MC)]. As a matter of fact, the measurements of MC are widely used for the characterization of multiferroic heterostructures. [14] [15] [16] [17] It should be noted, however, that in some cases the MC effects can be complete artifacts as any magnetoresistive material that also has a Maxwell-Wagner space charge will display a magnetodielectric effect. 24, 25 Although the strain-mediated ME polarization and voltage responses of multiferroic composites and nanostructures were already studied theoretically in many papers, 19, [26] [27] [28] [29] [30] the calculations of their intrinsic magnetocapacitance were still lacking. Here, we calculate the strain-mediated MC of multiferroic hybrids with the aid of the nonlinear thermodynamic approach used previously to predict ME polarization and voltage coefficients. 19, 29, 30 In order to determine the upper bound of the magnetodielectric effect, we consider the optimum case of a thin ferroelectric film coupled to a thick ferromagnetic substrate. Restricting our analysis to a conventional parallelplate ferroelectric capacitor, we calculate sensitivities of the film out-of-plane permittivity to in-plane lattice strains, which govern the strain-mediated MC. Then, taking into account the substrate piezomagnetic coefficients, we evaluate MC for hybrids comprising (001) 
II. STRAIN-MEDIATED MAGNETOCAPACITANCE
The generally accepted definition of MC reads MC = [C(δH) − C(0)]/C(0). Since the capacitance C depends on the permittivity tensor ε ij of involved dielectric material, the basic physical quantities defining MC are the magnetodielectric coefficients α ε ij k = ∂ε ij /∂ H k . For the strain-mediated ME effect in a film-substrate hybrid, these coefficients can be calculated as 
where u αβ and u s αβ (α,β = 1,2) are the in-plane film strains and substrate deformations, respectively, and the perfect mechanical coupling at the film/substrate interface is assumed (δu αβ = δu these quantities characterize the local deformation response of a substrate region beneath the ferroelectric film. Therefore, they generally depend on the substrate geometry. Indeed, when the magnetic field is not parallel to the film/substrate interface, the demagnetizing field evidently makes d m 3αβ smaller than the piezomagnetic coefficients measured in an ideal experiment where the internal magnetic field is equal to the applied one.
Let us focus now on the parallel-plate capacitor geometry ( Fig. 1) , where only the out-of-plane film permittivity ε 33 is important. Introducing the strain sensitivities S ε αβ of the permittivity ε 33 via the relation S ε αβ = ∂ ln ε 33 /∂ u αβ , we obtain
Equation (2) is valid for weak fields δH ≪ H that do not change the initial piezomagnetic coefficients and strain sensitivities significantly. The sensitivities S ε αβ can be calculated using the nonlinear thermodynamic theory of ferroelectric thin films. 31, 32 (It should be noted that the linear theory does not predict any variation in film permittivity with strain.) In similarity with the film spontaneous polarization P and permittivity, which strongly depend on misfit strains in the epitaxial system, 30,31,33 S ε αβ are functions of the in-plane lattice strains u αβ existing in the ferroelectric film prior to the MC measurements. Strictly speaking, these strains are given by the sum of initial strains u 0 αβ in the heterostructure and an additional contribution appearing in the bias field H, which in our case may be set equal to the field-induced substrate deformations: u αβ = u are very small so that their contribution to the total in-plane strains may be neglected in a good approximation. 30 When the film stabilizes in the tetragonal c phase (P 1 = P 2 = 0, P 3 = 0), the strain sensitivities S as a function of strains u 11 and u 22 .
It is also instructive to compare the strain-mediated MC resulting from Eqs. (2) and (3) with the ME voltage coefficient 30 of the same film-substrate hybrid. For the transverse ME coefficient α E31 = ∂E 3 /∂ H 1 defining the electric field E 3 appearing in a ferroelectric capacitor with open-circuit electrical conditions under in-plane magnetic field H 1 , the calculation gives .
It can be seen that, in contrast to MC, α E 31 is inversely proportional to the dielectric susceptibility η 33 and depends on the polarization P 3 in a different way. Accordingly, there is no direct proportionality between the MC and the ME voltage coefficient, contrary to the prediction made from general considerations in Ref. 34 . In the case of the aa phase (|P 1 |=|P 2 |, P 3 = 0) formed in a film subjected to an isotropic biaxial strain (u 11 = u 22 = u m , u 12 = 0), the strain sensitivities are given by the relation The numerical calculations were performed for BaTiO 3 and PZT 50/50 films having initially an isotropic biaxial strain u m . This strain state is typical of epitaxial films, 35 corresponding, for instance, to (001)-oriented films grown on a (001)-oriented cubic or tetragonal bottom electrode or substrate (u At the same time, the sensitivity of ε 33 to shear strains differs from zero only in the r and aa phases (see Figs. 2 and 3) . In related to the measuring field δH 3 cannot be evaluated with sufficient precision (due to suppression of piezomagnetic response by the demagnetizing field), we focus on hybrids subjected to magnetic fields H and δH parallel to the film-substrate interface. In the most of magnetomechanical experiments, measuring and bias fields have the same direction and do not induce significant shear strains in a ferromagnetic sample.
36-39 Therefore, we need to know only the longitudinal piezomagnetic coefficient characterizing the deformation u 30 The experimental measurements show that magnetic-field-induced deformations conserve volume to first order in samples of cubic symmetry. Figs. 2 and 3 demonstrate that, near the r ↔ aa phase transition, the strain-mediated response of the discussed multiferroic hybrids reaches giant values ∼10 −3 Oe −1 .A sa result, the MC of hybrids including Terfenol-D may exceed 100% already at δH ≈ 600 Oe, which is two orders of magnitude higher than MC ∼ 1% displayed by multiferroic heterostructures grown on passive substrates. 15, 17 It should be emphasized that the calculated MC corresponds to frequencies ν of the measuring ac electric field, which are well below the frequency ν res of the film mechanical resonance. Indeed, the out-of-plane strain u 33 in the ferroelectric film was determined from the condition of zero stress σ 33 here, which implies that u 33 oscillates with the frequency ν owing to periodic piezoelectric deformations accompanying field-induced polarization changes. These deformations fully develop at frequencies ν ν res but become suppressed above ν res , which reduces the film susceptibility η 33 and affects the MC. By setting u 33 fixed at the initial value existing in the absence of an electric field, we calculated the high-frequency susceptibility η The numerical calculations showed that, in the c phase, S εc αα are only slightly smaller than the strain sensitivities S ε αα of low-frequency permittivity. Near the r ↔ aa phase transition, however, the discussed sensitivities become significantly reduced at ν>ν res (see Figs. 2 and 3) . Nevertheless, there are wide strain ranges, where the high-frequency MC is comparable to the low-frequency one.
III. CONCLUDING REMARKS
In this paper, we reported a theoretical calculation of the strain-mediated magnetocapacitance of ferroelectricferromagnetic heterostructures. To evaluate this magnetocapacitance, we employed the nonlinear thermodynamic theory because the linear theory does not predict any dependence of electric permittivity on lattice strains. The calculation revealed several important features of the strain-mediated magnetocapacitance, such as nonmonotonic variation with initial lattice strains existing in the ferroelectric film, drastic increase at the strain-induced r ↔ aa phase transition, and significant dependence on the frequency of measuring electric field, which appears in the vicinity of this transition near the frequency of the film piezoelectric resonance. We showed that the magnetodielectric effect exhibited by hybrids combining ferroelectric thin films with active ferromagnetic substrates is several orders of magnitude higher than weak effects displayed by multiferroic heterostructures grown on passive substrates.
Remarkably, the strain-mediated magnetocapacitance appears to be significant even in the absence of any out-of-plane polarization P 3 in the ferroelectric film. This feature represents a striking contrast between the magnetocapacitance and the magnetoelectric voltage coefficient, which becomes negligible at P 3 = 0i n the conventional parallel-plate capacitor geometry. 29, 30 Therefore, multiferroic hybrids comprising ferroelectric films subjected to tensile in-plane strains should not be ignored in experimental studies of magnetoelectric phenomena.
Finally, it should be emphasized that the predicted giant magnetodielectric effect has potential applications in advanced electronic devices. In particular, it can be exploited in magnetic-field-controlled ferroelectric capacitors. These magnetovaractors may be implemented in electronic oscillators, where the oscillation frequency is tuned by a dc magnetic field remotely (via the change of capacitance) in contrast to conventional voltage-controlled oscillators. Magnetovaractors can also be used in parametric oscillators, where the oscillation is driven by an ac magnetic field changing the capacitance periodically.
